The new approach to investigation the bending of the innite length beam on the elastic foundation, applying the theory of distributions, is presented.
Introduction
The purpose of this paper is to present a new approach to the study of the bending of a beam with the innite length on the elastic foundation, based on an application of the distribution theory.
To justify our treatment we present briey the traditional method [1, 2] of determining the maximal bending torque.
The starting point of the traditional approach is the dierential equation
4 y(x) = 0, (1.1) where 4β 4 = k/(EJ), EJ is the bending stiness, the coecient k characterizes the value of the unit force of the elastic supporting medium, i.e. ky(x) describes the y coordinate of the elastic force acting on the beam at a point x, see Fig. 1 . Equation (1.1) does not take into consideration the load acting on the beam. In the case of a single vertical concentrated forceP with a magnitude P acting on a beam at the point x = 0 the general solution of (1.1) has the form y(x) = e βx (A sin(βx) + B cos(βx)) + e −βx (C sin(βx) + D cos(βx)).
( 1.2) It is assumed that A = B = 0. Then to include the eect of an external force, the following conditions, permitting to determine constants C and D, are introduced: * corresponding author; e-mail: felis@agh.edu.pl y (0) = 0, EJy (0) = −P/2.
(1.3) Conditions (1.3) together with conditions A = B = 0 imply that
(1.4)
Hence the equation of the bending line of a beam under the action of a single external force assumes the form y(x) = P 8EJβ 3 e −βx (sin(βx) + cos(βx)), (1.5) while the bending torque and the transversal force are given respectively by the formulae
The imaginary bending line of a beam under the action of a single force is depicted in Fig. 2 , while the graph of y(x) is presented in Fig. 3 . The wavy line on Fig. 3 represents decreasing amplitudes. The length of the half-wave is l 0 = π/β and it is seen from the Table 24 published in [1] that at the distance 2l 0 from the origin, the maximal amplitude is approximately 0.2% of the magnitude of the displacement under the acting force, i.e. it practically equals zero.
In the case of a system of concentrated forces no formula of the bending line is available. The formulae (1.6) and (1.7) are successively applied to each force and the maximal torque is calculated. This is done by moving the origin to the point of attachment of the consecutive force and the maximal torque is searched among solutions obtained this way. In the following we will consider the beam of an innite length on the elastic supporting medium under the action of n concentrated forcesP i with values P i < 0 acting on the beam at points x i . The bending of the beam is described by function y(x), x ∈ R which satises the dierential equation with the distributional right hand side
where
By the solution of Eq. (1.8) in the distributional sense we mean the function y(x) of class C 4 in
for any "test function" ϕ i.e. for any C ∞ function with a compact support. It is known that for an arbitrary x 0 the distributional solution y(x) is uniquely determined by initial values
. In practical problems to make it possible to get the optimal choice of the solution method, three conceptions are proposed. In each of the rst two conceptions, two dierent forms of particular integrals of (1.8) are considered. In the last one the elastic continuous supporting medium is replaced by the discrete one.
The rst conception
First variant. In the rst variant we consider the solution of (1.8) as a generalized function given by the formula [4, 5] y(x) = e βx (A sin(βx) + B cos(βx))
1) where
Let A = B = 0 and assume that
2) where the choice ofx is given below.
The distributional derivatives [6] of (2.1) are given by
By Eq. (2.1) and the second condition of Eq. (2.2),
x is chosen to satisfy sin(βx) + cos(βx) = 0, which implies the inequalitỹ
Taking into consideration the graph of Eq. (1.5) (see Fig. 3 ) and conditionx > x n we assume that
should be chosen as small as possible to satisfy:
From conditions A = B = 0, C = D it follows that the equation of line of bending of the beam has the form
(2.9) where C(x) is dened by Eq. (2.6). The summation in Eq. (2.9) starts from 2, sinceP 1 is included in the condition y (0) = 0.
Remark 1. For anyx satisfyingx
For n = 1, x 1 = 0 from Eq. (2.6) we get the known formula (see Eq. (1.5))
Usually the expressions for the bending torque M (x) = EJy (x) and the transversal force Q(x) are also required.
Recalling that sin βz − cos βz = √ 2 sin(βz − π/4), sin βz + cos βz = √ 2 cos(βz − π/4), they are given by the formulae
12) and
Second variant. In this variant, assuming A = B = 0, we will consider the solution of Eq. (1.8) written in the form (equivalent to Eq. (2.9))
We have lim x→0 − lim n→∞ δ n (x) − lim x→0 + lim n→∞ δ n (x) = 0. The similar observation holds true for δ (x) and δ (x).
Here {δ n (x)} denotes a δ-sequence of C ∞ functions with compact supports contained in (−ε n , ε n ), lim n→∞ ε n = 0, satisfying δ n (−x) = δ n (x),
Remark
i ) will remain. Since the solution is understood in the distributional sense, the above terms can be neglected. This follows from the observation that
Proceeding as in the rst variant and assuming C = D, from the second condition Eqs. (2.2) and (2.15) we obtain
(2.20) and the formula for y(x): Remark 3. As in the rst variant, we obtain the formulae, equivalent to Eqs. (2.12) and (2.14): 
(3.2) Derivatives of Eq. (3.2) are:
3) To simplify computations we select x = (2πs + π/4)/β, (3.6) hence sin βx = cos βx = 1/ √ 2. The value of s is chosen thatx > x n . Substituting x =x in Eqs. (3,2) and (3.3) and taking into consideration Eq. (3.1), one gets the system √ 2 sinh βx cosh βx β(cosh βx + sinh βx) β(sinh βx − cosh βx)
Since det sinh βx cosh βx β(cosh βx + sinh βx) β(sinh βx − cosh βx) = −β(1 + 2 cosh βx sinh βx) < 0 for allx > x n , the system Eq. (3.7) has a solution for anyx > x n .
Remark 4. Considering, instead of Eq. (3.1), condi- 8) we obtain equation for constants A and B: 9) which is uniquely solvable, since its determinant ∆ =
Second variant. We proceed with the general solution of the form dierent from Eq. (3.2).
We will apply the following form of the general solution y(x) = 2(A sinh βx sin βx + B cosh βx cos βx) 
y (x) = 2β 2 (−B sinh βx sin βx + A cosh βx cos βx)
2 (−B sinh βx sin βx +A cosh βx cos βx) + k 2 (x), (3.12)
Assume Eq. (3.6) is satised. Then proceeding as in the rst version, we obtain a system of linear equations for A and B corresponding to conditions Eq. (3.1)
and a system corresponding to Eq. (3.8)
The third conception
The continuous elastic support of the beam is replaced by the suitable chosen discrete support. Discrete models of such beams of both nite and innite length are easier to handle mathematically.
Here the model with the discrete support is considered. The corresponding equation has the form [2, 7] 
(see Fig. 4 ), where ϕ 0 (x) is a distribution of a system of discrete elastic supports and ϕ 1 (x) represents the external loads acting on a beam:
P i is the y-coordinate of the external forceP i , P i < 0,
We assume that the number of elastic supports is odd, otherwise an extra support at the point x n is added. Points z i of action ofP i upon a beam are situated between the extreme points of action of the support, i.e. x −n ≤ z i ≤ x n−1 , i = 1, . . . , m if a number of elastic supports is even, or x −n ≤ z i ≤ x n , i = 1, . . . , m if a number of x i is odd. 
We assume that for a suciently large n 
Recalling that x s − x i = (s − i)h, the above formulae lead to the system of 2n + 3 linear equations with unknown y i , R j .
The rst and the last two equations correspond to Eq. (4.9), the remaining ones represent Eq. (4.10).
w(−nh) = 0, (4.11)
15) which can be written in vector form
16) where 
F r (x r − z s ), s = 0, ±1, . . . , ±(n − 1).
The particular form Eq. (4.16) of the system is used to reduce the size of A(n).
In the (2n + 3) × (2n + 3) matrix A(n) marked columns correspond to y −n , y −n , y −n+1 , y −n+2 , y −n+3 , y −n+4 , y n−1 , y n , y n .
Remark 5. Number n in A(n) should be chosen as small as possible. Its value has to satisfy Eq. (4.10) and the inequality x n > max{|z 1 |, |z m |} + 9π 4β .
The origin of coordinates should be placed at the centre of the interval [z min , z max ] containing points z i , i = 1, . . . , m.
Conclusions
The paper presents three conceptions of the description of the bending line of the innitely long elastic beam. The analytic formulae of the bending line given here, contrary to approaches known in the literature, take into consideration not one but the whole system of external forces acting on the beam.
The description of concentrated forces applying the Dirac measures makes it possible to obtain the desired equation of the bending line in the case of several external forces acting on a beam.
We use the term "conception" instead of "method" because the resulting formulae cannot be compared with the ones existing in the literature, where only the inuence of a single external force on the bending is considered.
It is possible that some conceptions presented in the paper can be considered as new methods provided they will be veried by numerous examples. The verication can be done by sketching the bending line (which is not an easy task) and then making its analysis.
The distribution theory is used in other scientic works on the modeling of continuous and discrete
